We compare two alternative expansions for finite attractive wells. One of them is known from long ago and is given in terms of powers of the strength parameter. The other one is based on the solution of the equations of the Rayleigh-Schrödinger perturbation theory in a basis set of functions of period L. The analysis of exactly solvable models shows that although the exact solution of the problem with periodic boundary conditions yields the correct result when L → ∞ the coefficients of the series for this same problem blow up and fail to produce the correct asymptotic expansion.
Introduction
In a recent paper Lisowski et al [1] proposed the application of an approximate method for the treatment of the Schrödinger equation with finite attractive potentials. It consists of solving the secular equation for the matrix representation of the Hamiltonian operator in a basis set of functions of period L. The eigenvalues of this matrix are expected to approach the actual eigenvalues of the problem in the limit L → ∞. The authors also applied the same approach to the equations given by perturbation theory thus obtaining approximate perturbation coefficients that depend on the box length L. They argued that this perturbation series is convergent when the width of the ground-state eigenfunction is larger than L and divergent when that width is smaller than L. The former case takes place when the potential strength V 0 > 0 is smaller than a critical value V crit and the latter when V 0 > V crit . In order to sum the perturbation series in both regimes the authors proposed the application of the well known Borel transformation with the substitution of a finite integral for the infinite one when carrying out the inverse transformation.
It is well known that there exists a perturbation series about V 0 = 0 in the case of a short-range potential and there are even explicit expressions for the first perturbation coefficients [2] (and references therein). However, Lisowski et al [1] seem to believe that any perturbation series is "inapplicable to predict the energies for attractive potentials". The purpose of this paper is to discuss the connection between the approximate perturbation series proposed by Lisowski et al [1] and the well known exact perturbation series [2] .
In section 2 we outline the application of the two perturbation methods just mentioned to a general finite attractive well. In section 3 we discuss the perturbation series by means of simple, exactly solvable models. Finally, in section 4 we summarize the main results and draw conclusions.
Short-range shallow wells
Throughout this paper we consider a particle of mass m that moves in one dimension under the effect of a short-range negative potential −V 0 ≤ V (x) ≤ 0 that we suppose to be of even parity V (−x) = V (x). In order to simplify the calculations it is convenient to rewrite the Hamiltonian operator
in dimensionless form by means of the change of variables x = γx ′ , where γ is a suitable length. In this way we obtain
Thus an eigenvalue E of H and the corresponding one ǫ of H ′ are related by
From now on we omit the prime on the dimensionless quantities and write the Hamiltonian operator as
where
It is well known that in the case of a short-range potential the ground state energy can be expanded in a formal perturbation series of the form [2] :
This expansion was derived from the zeros of a perturbative expansion for the inverse of the Noyes form of the T matrix. If we can calculate these integrals exactly then we obtain the first terms of the perturbation expansion for the dimensionless energy
exactly.
Alternatively, one can derive this last expression directly by means of the well known Rayleigh-Schrödinger perturbation theory when the unperturbed potential is βv 0 (x) = −βδ(x), where δ(x) is the Dirac delta. One thus obtainŝ
and then recovers the actual λ-power series in the limit β → 0 [3] . The perturbation expansions (5) and (6) On the other hand, the perturbation expansion proposed by Lisowski et al [1] is based on periodic boundary conditions ψ(x + L) = ψ(x). In this case the eigenfunctions and eigenvalues of the unperturbed problem (λ = 0) are
and the coefficients of the perturbation expansioñ
depend on the box length L. In principle, the exact solution of the problem with periodic boundary conditions should approach the exact solution of the problem with infinite boundary conditions in the limit L → ∞. One of the questions that we investigate in what follows is if it is possible to recover the actual series (6) from the approximate one (9) when L → ∞.
In order to facilitate the discussion in subsequent sections, from now on we call these three approaches the T -method, the β-method and the L-method,
respectively.
In addition to the series for small λ we can also derive an expansion for large λ provided that we can expand v(x) in a Taylor series about x = 0,
. The first two terms are
Examples
In this section we analyze the perturbation series outlined above by means of some exactly solvable examples. The first one is given by v(
that supports the bound-state energies [5] 
where the quantum number is restricted to n = 0, 1, . . . , ξ − 1. The perturbation series for all the eigenvalues have the same radius of convergence R = 1/4 that is determined by the branch-point singularity at λ c = −1/4. For example, for the ground state we have
Contrary to what Lisowski et al suggested, here we have a perturbation series for the eigenvalues of the quantum-mechanical problem valid at least for λ < 1/4. For larger values of the strength parameter we can resort to any suitable summation method, for example, Padé approximants [6, 7] and, even better, quadratic Padé approximants [7] . Note that in the present case the quadratic Padé approximant w 2 + w (2λ + 1) + λ 2 = 0 yields the exact result w(λ) = ǫ 0 (λ)
for all values of λ. We can also build two-point Padé approximants [7] that match the small-λ and large-λ series mentioned in section 2.
The next example is given by the square potential
equation
from which we derive the perturbation expansion
for the ground state. It agrees with the general expression (5) through the fourth term.
In order to obtain the branch points in this case we take into account that
where λ c = λ (ǫ c ), and ǫ ≈ ǫ c + A This model is suitable for illustrating the application of the β-method of Gat and Rosenstein [3] . To this end we solve the Schrödinger equation with the potential λv(x) − βδ(x) and obtain the following quantization condition for the eigenvalues with eigenfunctions of even parity:
This expression becomes equation (14) when β = 0 as expected. If we expand ǫ in a Taylor series about λ = 0 we obtain the first terms of the expansion (7):
What is important here is that these perturbation coefficients tend to those in the expansion (15) when β → 0.
The next example is the Dirac-delta-potential v(x) = −δ(x) already studied by Lisowski et al [1] . Upon choosing the exact boundary conditions lim 
From this expression we obtain
which clearly shows that the error with respect to the exact result is of the order of e −kL and, since k decreases with λ, we appreciate the necessity of increasing L as λ decreases as the authors concluded from numerical analysis.
If we expand the solution to equation (18) in a Taylor series about λ = 0 we
that depends on both λ and L. The coefficients of this expansion can also be obtained by means the well known Rayleigh-Schrödinger perturbation theory;
for example:ǫ
rise to an infinite series. Furthermore, although equation (18) What is clear from the results above is that the L-method perturbation series may bear no resemblance with the actual λ-series expansion given by either the T -method or the β-method discussed in section 2. Both the β-method and the L-method resort to auxiliary parameters (β and L, respectively). However,
It is worth noting that if instead of periodic boundary conditions we impose Neumann ones ψ ′ (±L/2) = 0 then we obtain exactly the same quantization condition (18).
Finally we consider the exponential potential V (x) = −V 0 e −b|x| also discussed by Lisowski et al [1] . Upon choosing the length γ = 1/b we obtain 
From this equation we obtain the following expansion for the dimensionless ground-state energy
that agrees with the general expression (5) through the fourth term. If we only keep the first term in the right-hand side we obtain E ≈ −2mV 
Conclusions
It is known since long ago that one can apply perturbation theory to the Schrödinger equation with a short-range potential λv(x) and obtain a suitable 
